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Abstract 

The  diffraction  of  a  cylindrical  wave  by  a  perfectly  conducting 
semi- infinite  thin  screen  with  a  cylindrical  tip  is  analyzed.   Three  * 
different  methods  are  employed  to  find  the  field:  the  geometrical  theory 
of  diffraction,  an  expansion  in  radial  eigenfunctions  and  the  Watson 
transformation  of  the  angular  eigenf unction  expansion.  The  latter  two 
methods  yield  the  same  result,  which  proves  that  the  solution  can  be 
expanded  in  radial  eigenfunctions  even  though  they  are  not  complete. 
The  asymptotic  form  of  the  solution  for  large  ka  coincides  precisely 
with  the  result  given  by  the  geometrical  theory  of  diffraction.   Here 
k  =  2«/X  is  the  propagation  constant  of  the  field  and  a  is  the  radius  of 
the  tip.  This  agreement  proves  that  the  geometrical  theory  is  correct  for 
this  problem.  The  result  determines  how  the  field  in  the  shadow  depends 
upon  the  wavelength  and  the  curvature  of  the  shadow  forming  object  <-   J  . 
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In  Section  k,   we  prove  that  the  radial  eigenfunction  expansion  does 
represent  the  field  u.  We  do  this  by  first  expanding  u  in  angular 
eigenf unctions,  which  are  known  to  he  complete.  This  expansion  was  first 
given  by  S.N.  Karp L  J.   Then  we  convert  this  series  into  the  radial 
eigenf unction  series  by  applying  the  Watson  transformation.   In  this  way 
we  prove  that  the  latter  series  does  represent  u.  Therefore,  the  result 
of  the  geometrical  theory  of  diffraction,  which  is  asymptotic  to  it,  is 
indeed  the  asymptotic  form  of  the  exact  solution. 

The  diffracted  field  in  the  shadow  has  been  computed  *-  -"  from  the 
geometrical  solution  and  also  from  the  exact  solution  as  a  function  of  ka. 
The  two  results  agree  well  for  ka  >  2  for  both  boundary  conditions.   In  the 
case  in  which  u  =  0  on  the  boundary,  the  field  in  the  shadow  is  found  to 
decrease  as  ka  increases,  being  greatest  when  ka  =  0,  i.e.  when  the  cylindrical 
tip  is  absent.   In  the  other  case,  in  which  ati/cin  =  0  on  the  boundary,  the  field 
in  the  shadow  is  found  to  oscillate  as  ka  increases,  but  ultimately 
for  sufficiently  large  values  of  ka,  it  also  decreases  monotoni cally .   These 
results  are  interpreted  in  terms  of  the  rays  of  the  geometrical  theory  of 
diffraction. 

It  is  to  be  noted  that  the  problem  under  consideration  is  two  dimen- 
sional, so  that  we  may  confine  our  attention  to  a  single  plane. 

2.   Geometrical  solution 

According  to  the  geometrical  theory  of  diffraction,  the  field  u  can 
be  represented  as  the  sum  of  a  geometrical  optics  field  u  and  a  diffracted 

o 


field  u„.   The  field  u  (P)  at  a  point  P  is  the  sum  of  the  fields  on  the 
d  g 

incident  and  reflected  rays  through  P.  The  field  u. (p)  on  an  incident 
ray  through  P  is  given  by 


(1)  u±(P)  =  (to)"1/2  eikR  +  **A 


Here  R  denotes  the  distance  from  the  source  Q  to  the  point  P.   The  constants 
in  (l)  have  been  chosen  to  correspond  to  a  source  of  unit  strength  for  which 
the  exact  field  vould  be  given  by  j-  H  '   (kR).   The  field  on  a  reflected 
ray  can  be  constructed  by  a  well  known  procedure,  so  we  need  not  consider 
it  further.   Instead,  we  turn  to  the  diffracted  field  u  (P)  which  is  the 
sum  of  the  fields  on  n.11  the  diffracted  rays  through  P. 

The  diffracted  rays  are  produced  by  the  two  rayB  from  Q  which  are 
tangent  to  the  tip  of  the  screen.  The  two  points  of  tangency  are  denoted 
by  £L  and  Q  .   (See  Figure  1.)   The  surface  ray  produced  at  G>  will  shed 
a  diffracted  ray  at  P  which  will  travel  along  the  tangent  from  P  to  P.  It 
will  also  shed  a  diffracted  ray  at  P'  which  will  be  reflected  at  P  and  then 
reach  P.  The  surface  ray  itself  will  be  reflected  from  the  screen  at  CL , 
encircle  the  tip  and  be  reflected  at  0  again,  and  repeat  this  process 
infinitely  many  times.  Each  time  it  passes  through  P  and  P'  in  the  clock- 
wise direction,  the  rays  it  sheds  will  pass  through  P.   Thus  infinitely 
many  diffracted  rays  will  pass  through  P,  all  originally  produced  by  the 
ray  incident  at  Q_ .   In  a  similar  manner,  the  surface  ray  produced  at  Qp  will 
be  reflected  at  CL  and  then  shed  rays  at  P1  and  P'  which  will  pass  through 
P.  It  will  also  give  rise  to  infinitely  many  rays  through  P  as  it  continues 
to  travel  back  and  forth  along  the  surface  of  the  tip. 


As  a  consequence  of  the  preceding  considerations,  we  see  that  there  are 
four  types  of  diffracted  rays  vhich  pass  through  a  point  P  in  the  shadow.  We 
nay  describe  them  as  follows: 

I    Rays  produced  at  0  and  diffracted  at  P  .  The  ray  QCLP-.P  is  the 
simplest  ray  of  this  type.  For  each  non-negative  value  of  the 
integer  n,  there  is  one  of  these  rays  which  makes  n  trips  around 
the  circle.  This  ray  is  reflected  2n  times  at  Cl  .  Now  the 
reflection  coefficient  R  has  the  value  -1  for  the  case  in  which 
u  =  0  on  the  screen  and  +1  for  the  case  in  which  du/on  =  0  on 
the  screen.  Thus  in  either  case  R   =  1.  The  path  length  of 


such 


a  ray  along  the  circle  is  Wan  +  t  where  t  =  (LP  . 


II  Rays  produced  at  Q.  and  diffracted  at  P'  .  The  ray  Q<LP  P'  P  P 
is  the  simplest  ray  of  this  type.   For  each  n  >  0,  the  ray  which 
makes  n  round  trips  is  reflected  2n  +  1  times,  including  the 
reflection  at  P.,.  Thus  R    =  -l  if  u  =  0  on  the  screen  and 

On  I  ~] 

R     =  1  if  Su/Sn  =  0.   The  path  length  of  such  a  ray  along  the 
circle  is  Wan  +  t  +  t..  where  t  =  P  P'  . 

III  Rays  produced  at  Q  and  diffracted  at  P  .   The  ray  Qft  0  Q  Q^P  P 
is  the  simplest  ray  of  this  type.  For  each  n  >  0,  the  ray  which 
makes  n  round  trips  is  reflected  2n  +  1  times.   Its  path  length 
on  the  circle  is  Wan  +  t  where  t  =  Q  0  +  Ot^o^-i* 

IV  Rays  produced  at  Q  and  diffracted  at  P*  .   The  ray  QQ20lQ2QlPlP'lP3P 
is  the  simplest  ray  of  this  type.   The  ray  which  makes  n  >  0  round 
trips  is  reflected  2n  +  2  times,  including  the  reflection  at  P,. 

Its  path  length  along  the  circle  is  Wan  +  t  +  t..  . 
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According  to  equation  (lCa)  of  reference  Qf| ,  the  field  on  a  diffracted 
ray  of  type  I  is  given  by 


iks       0  (ik-a  )T 
s  '    m 


In  (2),  s  denotes  distance  along  the  diffracted  ray  from  the  point  where  it 

leaves  the  surface,  T  =  ^itan  +  t  denotes  its  arclength  along  the  surface, 

and  a  and  D  are  certain  constants.   The  field  on  the  rays  of  other  types 
mm  "  u  r 

is  also  given  by  (2)  with  the  appropriate  values  of  s  and  T  in  each  case, 

and  with  an  appropriate  power  of  the  reflection  coefficient  R. 

Let  the  coordinates  of  Q  be  (r  ,  ©  )  and  those  of  P  be  (r, ©)  in  a  polar 

coordinate  system  with  its  origin  at  the  center  of  the  tip  and  the  polar 

l/2 
axis  along  the  screen.   Then  R  =  (r   -  a  )    and  s  =  (r2  -  a2)1  .  We 

insert  these  values  into  (2)  using  (l)  for  u.((L),  and  we  sum  over  n. 

This  summation  merely  involves  a  geometric  series,  which  can  be  summed 

explicitly.   Then  we  add  together  the  corresponding  sums  for  the  four  types 

of  rays  and  obtain  the  diffracted  field  at  a  point  P  in  the  shadow 


i(8,k)-1/2exP[ik(ro2-a2)1/2+ik(r2-a2)1/2-iJt/4] 

(3)     Ud(P)    =  ,     2     2,1/V   2     2x1/4 

(r     -a  )  '    (r  -a  )   ' 


D2 


(ik-am)t_     (ik-am)(t+t1)_     (ik-am)t2       (ik-aJCt  +t 
Wik-aJ      6 


1-e 


In   (3)   the  upper  signs   apply  in  case  u  =  0  on  the  screen  while  the  lover 
signs  apply  if  ciu/dn  =  0  on  the  screen. 

In  terms   of  the   coordinates   of  Q  and  P,    the  distances   t,    t     and  tp 

are  given  by 


t   =  a 


0-9     -   cos      (a/r   )    -   cos      (a/r) 


w 


t±=  2a(2*   -   9) 


Va 


9+9     -   cos      (a/r   )    -   cos      (a/r) 


The  diffraction   coefficients  D     and  the  decay  constants  a     are  given  try 


[3],    [5] 


(5) 


a     =  e 
m 


■jti/ 


6a 


1/3 


% 


(6a) 


m 


9  2 

n         a 


2558    k 


1/6 


nl/12 


AK> 


-2 


(6b) 


D2  = 

m 


9  21 1/6 

Jt  a 


2532    k 


rti/12        -1 


A^> 
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In  these  equations  A(q)  denotes  the  Airy  function.  For  the  boundary  condi- 
tion u  =  0,  q   is  the  m   positive  zero  of  A(q)  while  for  the  boundary 
condition  du/dn  =  0,  q  is  the  m   positive  zero  of  A'(q). 

We  now  insert  the  preceding  results  into  (3)  and  obtain  in  the  cases 
u  =  0  and  du/dn  =  0  the  respective  results  for  a  point  P  in  the  shadow 


(7a)  ud(P)«g(^) 
ok 


«ML_W3  6XP 
6V,  2' 


ik(/-a2)l/2  +  ik(r2-a2)l/2  +  5«i/6 

f   2  2x1/4  /  2  2,1/1+ 
(r  -a  )  '   (r  -a  )  ' 


m 


sinf(ka+ia  a)(2jt-9)l  sinj~(ka+ia  a)G 


to 


sin 


(ka+ia  a)2rt 


exp 


-i(ka+ia  a) 
v     m 


-1     -1 

cos  —  +cos  — 

r      r 
o 


/  exp  . 


'     f    2  2vl/2,  ._  ,  2  2%  1/2  ,    .  ,r 
ik(r  -a  )  '  +  ik(r  -a  )  '      +   5«i/6 

7~2~  2,1/4  ,  2~"2\lJZ  "' 

(r  -a  )  '   (r  -a  ;  ' 


H 


COS 


(ka+ix  a)(2n-e)l    cos  |~(ka+ia  a)9  " 
j m     v  J L_ m       or 


m  qm  A  (q^)    sin[(ka+iama)2n] 


expj-i(ka+ia  a) 


-i "» 
-1     -1 
a  ,    a 
cos  —  +cos  — 
r      r 
o 


These  results  hold  when  9  >  9  .   When  9  <  9  we  obtain  the  same  results  with 

o  o 

9  and  9  interchanged.  Slightly  different  results  can  be  obtained  in  the  same 


way  for  a  point  P  in  the  illuminated  region. 
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3.   Radial  eigenfunctlon  expansion 

We  shall  now  formulate  a  boundary  value  problem  for  the  total  field 
u  and  solve  it  by  the  method  of  expansion  in  radial  eigenf unctions.  The 
conditions  to  be  satisfied  by  u(r,0)  are  (l),  (2)  and  (3a)  or  (3b) 


(l)  (A  +  k2)u  =  r"1  8(r-r  )  5(9-9  ) 


1  /? 
(2)  lim   r  '    (u  -iku)  =  0 

r  ->  oo 


(3a)  u  (a,9)  =  u  (r,0)  =  u  (r,2rt)  =  0 


(3b)  ur(a,9)  =  uQ(r,0)  =  uQ(r,2«)  =  0 


In  order  to  construct  u  we  introduce  the  radial  eigenfunctions 

H   (kr) .   These  Hankel  functions  are  the  radial  factors  of  product 

m 
solutions  of  the  homogeneous  equation  corresponding  to  (l).   They  also 

satisfy  the  radiation  condition  (2).   The  eigenvalues  v  are  determined  by 

m 

requiring  these  functions  to  satisfy  the  first  of  the  boundary  conditions 
(3a)  or  (jb)   which  become  respectively 


(W)  n[l}(ka)  =  0 

m 


! 

(4b)  H[l}(ka)  =  0 

m 


For  large  values  of  ka,  and  fixed  m,  the  roots  of  (^a)  and  of  (h-h) 
are  given  by 


(5) 


m 


ka  +  o   (ka/6)1/5  eilt/3  +  o[(ka)"l/5] 


th 


In  the  case  of  (^a),  q   is  the  m   positive  zero  of  the  Airy  function  A(q) 
while  in  the  case  of  (Vb)  a     is  the  m   positive  zero  of  A'(q).  We  now 
assume  that  u  can  be  represented  by  the  series 


(6) 


u  =  J~     f  (0)  H(l)  (kr) 
m=l         m 


To  determine  the  coefficient  functions  f  (0)  we  insert  (6)  into  (l)  and 


m 


make  use  of  Bessel's  equation  to  obtain 


(7)  JT     ^  H^l)    (kr) 

m=l  m 


f  "(G)    +  v*  f  (9) 
m  v  m     mv 


r"1  B(r-r  )   5(©-Q   ) 


It  is  easy  to  prove  that  the  radial  eigenfunctions  H   (kr)  are  mutually 

m 
orthogonal,  which  may  be  expressed  in  the  form 


(8) 


CD 

r"1  H^fkr)  H^'fkr)  dr  =  N  6 

)                 v      v  v^  v          n  mn 

'        m  n 


An  analysis  similar  to  that  of  Sommerfeld  f6  J  yields  for  the  constant  JTn 
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the  following  results  in  the  respective  cases  u  =  0  and  ou/o*n  =  0  on  the 


screen 


(9a) 


N  .  = 
n 


21  ov  y   v  ' 


V  =  V 


n 


(9b) 


N  = 
n 


P-   ^H^'(ka) 
2i   ov   v    v   ' 


5TV 


H(2)'  (ka) 


V  =  V 


n 


We  now  multiply  (7)  hy  r~  ET   (kr)  and  integrate  the  resulting  equati 


on 


n 


from  a  to  oo  with  respect  to  r.   Then  by  using  (8)  we  obtain 


(10) 


f "  (0)  +  v2  f  (©)  =  N"1  H(l)(kr  )  6(9-0  ) 


n  n 


n   v   '   o 
n 


In  order  to  determine  f  (e)  from  (10),  we  must  impose  the  second  and 
third  of  the  boundary  conditions  (3a)  or  (3b)  on  u,  which  is  given  by  (6). 
By  again  utilizing  the  orthogonality  condition  (8)  these  boundary  conditions 
yield,  in  the  respective  cases 


(Ha) 


f  (o)  =  f  (at)  =  o 

nv      n 


(lib) 


f'(0)  =  f'(2jt)  =  0 
n       nv 
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The  solutions  of  (10)  which  satisfy  (lla)  or  (lib) , respectively,  are 


(12a)     f  (0)  =  -v"1  esc  2jtv  N_1  H^(kr  )  sin  v  &     sin  v  (2n-e>  ) 
v    '      xv    '  n         n  n  v     N  o      n  <     nx    > 

n 


(12b)        f   (0)   =  +v-1  esc  2jtv     N_1  H^Vkr   )   cos  v  G^cos  v   (2jt-a  )• 
K        '  rr    '  n  nnvxo  n<  nx  > 


n 


In  (12a)  and  (12b)  ©  and  ©  denote  respectively  the  smaller  and  larger  of 
the  two  angles  9  and  ©  ,  both  of  vhich  lie  between  0  and  2«. 

We  now  insert  (12a)  into  (6),  and  use  (9a)  for  N  .   Thus  we  obtain  for 
the  solution  u  in  the  case  of  the  boundary  condition  u  =  0,  the  result 


sinv  ©<  EK    ;(ka) 

(13a)   u  =  +  iS  f~   H(l)(kr  )H(l)(kr)  —  sinv  (2*-©J   s  n,_  > 

n=l   n        n      sin2itv  -r-  IP   (ka) 

n  ov  v   x 

n 


In  the  case  of  the  boundary  condition  du/Sn  =  0  we  obtain  instead,  from 
(12b),  (9b)  and  (6),  the  result 


W        (ka ) 
oo    ,.,  v       /.  ,     cosv  (2rt-G  )         v   v 

(ijb)      u  =  -  if  X   b11^)  h1'^)   smL  =-V<  a°Ji).,t. 

n=l   n        n  n  3-  Hv  '  (ka) 

ov  v 
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Let  us  nov  expand  these  expressions  asymptotically  for  large  values  of 
ka.      If  r  >  a  and  r     >  a,   we  may  use  the  Debye  asymptotic  expansions   of  the 
Hankel  functions  vith  arguments  kr  and  kr   .     However,    for  the  Hankel  functions 
with  argument  ka,  which  is  nearly  equal  to  the  order  v    ,  we  must  use  the 
expansion  in  terms   of  Airy  functions.     When  we  insert  these   expansions   into 
(13a)    and  (l3h),   we  obtain  the   results 


(14a)  u(r,9)     „      ~h=    (ka^X 


^75 


1/3 


co        exp 


|I^C7*ivK^t^l 


7-1  '  X  rt  T-l  ' 


o     n' 


sinv   0^  sinv   (2rt-GL  ) 
n  < nx  >' 


exp 


-IV 


—  V  v       — 1 

-1/   n» ,        -1/   n   x 
cos      (^)+cos      (— ) 

O" 


(l4b)  u(r,e) 


r  ,/,2  2     2  jl    .  ,/2  2     2    .   jjrti] 
1   i  Vk  r  -v     +  1  Uk  r  -v     +  ■*$- 
/      \±/D  ^r~         '         n v        on         o— ' 

,.^/3      ^   aJ  £z,  ,.2  2     2.1/4   ,.2  2     2.1/4 

3*o  n-l         (k  r  -v    )    '       (k  r  -v    )   ' 


l/3oo_     exp! 


n 


o     n' 


cosv  9,  cosv   (2:t-&  ) 
n  < nv  > 

q^  A   (qj    sin2«vn 


exp 


-iv 


—  v  v     — 
-1,   n.              -1,   n   x 

cos       (-)    +   COS       (— ) 

—  o  — 


By  using  (5)   for  v     in  these  equations,   we  can  simplify  them  to  the  form 


(15a)  u(r,e) 


«  (k-ga)l/3e(^i)/6 

6175  (rVj^rV)1/2 


exp 


ik 


~(r2-a2)l/2Kro2-a2)l/2f 


00        sin  v   9  sin  v    (2jt-0   ) 
n=l 


pl-iv^cos"1  §  +  cos"1  — ) 


[A'CqJ^sin  2nvn  *L 


o  ->■ 
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(k-2a)l/3e(5*i)/6 
(15b)    u(r,9)~— j^       2      If     2  2^2    exp 
3*6  '   (r  -a  ;  '  (r  -a  J^ 


ik 


',  2  2.1/2  ,  2  2,1/2 
(r  -a  )  '    +(rQ-a  )  ' 


oo  cos  v  0.  cos  v  (2rt-0  ) 

^ —  n  <      nv    ;> 

2_  g exp 

n=l  q  A  (a  )sin  2itv 


.   /   -la      -1  a  \ 

•lv  (cos   —  +  cos   — ) 

n       r        r 

o  - 


The  results  (15)  coincide  exactly  with  the  results  (7)  of  section  2  which 
were  obtained  by  the  geometrical  theory  of  diffraction  for  a  point  in  the  shadow. 
This  verifies  that  the  geometrical  theory  is  correct  in  this  case  since  (13), 
from  which  (15)  was  obtained,  does  indeed  represent  the  solution  as  we  shall 
show  in  the  next  section.   However  the  asymptotic  evaluation  of  (13),  which  led 
to  (15),  is  correct  only  for  a  finite  number  of  terms  in  the  series.   This  is  so 
because  in  the  later  terms  v  becomes  large  compared  to  ka,  kr  and  kr  and  this 
was  not  taken  into  account  in  the  asymptotic  evaluation.  Furthermore  for  n  larg 
v^  is  not  given  by  (5).   But  as  we  shall  see,  (15)  converges  very  rapidly  for 
points  in  the  shadow  so  the  error  it  contains  in  the  later  terms  is  asymptotical! 
negligible.  For  points  in  the  illuminated  region  however,  (15)  does  not  converge 
although  (13)  does.   Therefore  a  different  asymptotic  evaluation  must  be  made  in 
this  region.  This  will  be  done  in  the  next  section. 
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k .  Angular  eigenfunction  expansion. 

The  eigenvalue  problem  for  the  radial  eigenfunctions  involves  the 
radiation  condition  and,  therefore,  it  is  not  of  Sturm-Liouville  type. 
Consequently,  we  do  not  know  whether  these  eigenfunctions  are  complete. 
Therefore,  we  cannot  be  sure  that  the  solution  u  can  be  represented  by 
the  series  (6)  of  Section  3.  We  shall  now  prove  that  it  can  be  so 
represented  and  that  it  is  given  by  (13a)  or  (13b). 

We  begin  with  a  representation  of  u  in  terms  of  the  angular  eigen- 
functions which  are  complete,  since  they  are  solutions  of  a  Sturm-Liouville 

M 

problem.  This  representation  was  given  by  S.N.  Karp '-  J  .   By  modifying  his 
result  to  correspond  to  our  problem  (l)-(3)  of  section  3>  or  by  direct 
expansion  of  u  in  angular  eigenfunctions,  we  find  in  the  two  cases 


(la) 


CO 


n=l    ' 


Jn/2(kr<) 


Jn/2<ka>  u(l) 


H$(ka) 


Hn/2<kr<) 


n  .   ,  n  _ 
sin  ^  ©<  sin  g  e> 


(lb) 


oo 


u  = 


A), 


5  5=  ■$(*>> 


n=l 


Jn/2(kr<) 


J^ka) 


j(D( 

In/2( 


-^(kr^ 


n 
2 


sin  —  0  ain  —  0 


These  series  are  useful  for  small  values  of  ka  but  not  for  large  values  of  ka, 

To  obtain  representations  of  u  useful  for  large  ka  we  apply  the  Watson 
transformation  to  the  series.  First  we  use  in  (la)  and  (lb)  the  identities 


sin  —  0  =  -  sin  p(2jt  -  0  )/cos 


njt 


cos  p  0    =  cos  p(2ir  -  0  )/cos 


nit 


Ike 


fhn 


L 
(a) 


v^ 


"►%!/ 


(b) 


Figure  2  -  a  -  The  contour  L  in  the  \i   plane  encircles  the  positive 
real  axis  in  the  clockwise  direction. 


b  -  The  contour  D  is  shown  just  above  the  real  axis  of 
the  v  plane.  The  segment  D(M)  of  it  extends  from  Re  v  =  -M  to 
Re  v  =  M.   The  semicircle  C(M)  into  which  D(m)  is  deformed,  is 
also  shown.   The  poles  of  the  integrand  in  the  half  plane  Im  v  >  0 
lie  on  the  curved  line  shown  in  the  first  quadrant. 
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Then  we  represent  each  series  as  a  contour  integral.   This  is  accomplished  by- 
first  choosing  a  contour  L  in  the  u  plane  which  encircles  the  non-negative 
integers  u  =  n,  n  =  0,1,2, ...  .   Then  an  integrand  must  be  chosen  which  has 
as  its  only  singularities  within  L  poles  at  these  integers.   In  addition  for 
each  n,  the  residue  at  the  n-th  pole  must  be  the  n-th  term  in  the  series.   In 
this  way  we  arrive  at  the  following  integral  representations 


(2a)  u  =  r    f       .    1 

v      '  h  J      sin  uit 


fy^^/l^    -   <V2(ka)Hi/2(kr<} 


-y^r sin  — —  sin  -  (2jt  -  0.  )du 


^    u  -J  / ^  [v^^  V)  -  </2^i%^ 


L 


H^krJ      U0 


"(l)'/v  x   C°S  ~2~  COS  2  (2n  "  S>)dM 


^/2  <*0 


The  contour  L  encircles  the  positive  real  axis  of  the  u  plane  in  the 
clockwise  direction  as  is  shown  in  Figure  2. 

Let  us  replace  u  by  v  =  u/2  in  (2).   Let  us  also  change  v  to  -v 
in  that  part  of  the  integral  for  which  Imv  <  0.   Then  that  part  of  the 
contour  is  transformed  into  a  path  from  -co  to  0  lying  just  above  the 
negative  real  axis.  The  integrand  is  unchanged  as  we  see  from  the  relations 


(3) 


-  i6  - 


H(l)=ei*v   (1) 

-V  v 


H<2>  =  e1-  H<2> 
-V  v 


Thus  the  contour  L  can  be  replaced  by  the  contour  D  which  is  a  line  from  -co 
to  oo  lying  just  above  the  real  axis  of  the  v  plane  and  (2)  becomes 


(M        u  =  i 


2  ,/   sin  2tcv 


,(1) 


CD, 


V*r<K  '(ka)  "  Jv(ka)Hv   (kr<} 


H^l}(ka) 


sin  V0  sin  v(2jc-G  )dv 


(k-b) 


1 
U=  2 


sin  2«v 


Jv(^<)H^l)'(ka)  -  ^(ka^CkrJ 


H(l)(kr  ) 

H(l)'(ka) 

v   v   ' 


cos  v9  cos  v(2rt-Q  )dv 


Let  D(M)  denote  that  part  of  the  contour  from  -M  to  +M  just  above  the 
real  axis  (see  Fig.  2).   Let  C(M)  denote  a  semi-circle  in  the  upper  half 
plane  with  radius  M  and  center  at  the  origin.  We  wish  to  deform  the  partial 
contour  D(M)  into  C(M).  This  is  permissible  since  the  integrands  in  (k)   are 
analytic  functions  of  v.  They  are  regular  in  the  upper  half  of  the  v  plane 
except  for  poles  at  the  zeroes  of  their  denominators.  These  zeroes  are  the 
values  of  V  for  which  either 
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(5a)     H^l}(ka)  «  0 

or 

(5b)     H^l}'(ka)=0, 

In  each  case  we  shall  denote  these  values  of  v  by  v  ,  n  =  1,2,  . . .  .  Let  N(M) 
denote  the  number  of  these  values  whose  distance  from  the  origin  is  less  than 
M  and  let  R  denote  the  residue  of  the  integrand  at  v  .  Then  we  have  in  each 
case,  omitting  the  integrands,  and  choosing  M  so  that  no  zero  lies  on  C(M), 


r  N(M) 

(6)         -  E  H"  + 


n 
n=l 


D(M)  C(M) 

From  (k)   and  (6)  we  have  in  each  case 


CO 


(7)      u  =  lim   /    =  YZ   R  +  llm   / 
M-"cd  J  n=l       M-^oo  J 

D(M)  C(M) 


We  shall  now  assume  that  the  limit  of  the  integral  in  (7)  is  zero.  Then 
(7)  yields  for  u  the  following  series,  in  which  the  residues  R  have  been  written 


explicitly 


H(2)(ka) 
co        ,.,  .,  ,_,  v  sin  v  0^  v      v      ' 


■=r-Hv      (ka) 
dv  v      x      ' 


(8a)  u(r,0)   =  f-  YZ  HU'(krjHU'(krJ      ,        "  ^  sin  v    (2«-0  )   ^n- 

'  s        '        2     z— r     v      v      <'   v      v     >'    sin  2«v  nv  >'   d  TT(1) 

n=l        n  n  m  a-Hv    '  1 


n 


H(2)'(ka)     - 

.         CD  /,  \  /,  \  COS    V    0  V 

(ka) 


(8b)  u(r,0)   =   -  i*  2~"  HU;(kr    )HU;(kr^)      ,        "  <  cos   v   (2*-ft  )  t^ 

v      '  v   '    '  2     /— -     v      v      <'   v      v     >'   sin  2itv  nv  ;>'   d  „  2 

n=l        n  n  n  ^-Hv    ' 


dvuv 


n 
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These  series  are  identical  with  the  radial  eigenfunction  expansions  of  u 
given  by  (13)  of  section  3.   Thus  the  validity  of  those  expansions  is  proved. 

Another  representation  of  u  can  be  obtained  by  using  in  (k)   the  identities 

12  v  ivGl> 

(9a)  sin  v(2jt-GL  )   =   -e  sin  v0     +  e  sin  2itv 

12  v  iV0> 

(9b)     cos  v(2jt-6  )  =  e    cos  v0  -ie    sin  2nv  . 

ive 

The  resulting  integrands  contain  one  term  proportional  to  e     and  another 
proportional  to  sin  v9  or  cos  v9  .  The  integral  of  the  former  term  is  kept 
as  an  integral  over  D  while  the  integral  of  the  latter  term  is  converted  into 
a  residue  series  as  before.   In  this  way  we  obtain  the  alternative  representations 


r(2), 


IT    ;(ka) 

irt  v1—  0.(1)/-,       xTT(l)/1       x  'n"<~~*   'n">     """n       n 

■x-  )        IT    '(krJHv      (kr   )  ; — - e  -^ — rr-\ 

2     *—t     v      K     <y   v      v     >'  sin  2jtv                                d  „(!)/,     s 

n=l        n                   n  n                              "5~"H        ( ^ ) 


co         ,^>.  /n  v  sin  v   9  .sin  v   ft       i2jtv        v 

(10a)  u  =  ^HH/)(krjH^(kr   )-      -±^     -S>  e 


dv   v 

n 


H(2) 'fka) 
.   oo    /,  \      /,%      cos  v  9^,cos  v  9.   i2itv   v 
/,„,  \       -irt  v —  ^(1)/,   NTT(l)/n   s      n<     n>      n   n 
(10b)    u=  75-  > Hv  '(kr  )EK      (kr  )  


77-  '        it'  '{JST.jn*    '{&r^)   : — e      ^ — 7-rn 

2  — 7  v   v  <'   v   x  >'  sin  2itv  d  Tr(l)',.  x 

n=l   n       n  n  i~H  '    (ka) 


dv  v 

n 


(2)  ' 
,   n  /.i      (.  v  iv9.  Hv  '  (ka) 

♦  I    J   ^'(^^'(kr^co.  VS<  e     -^p—  dv  • 

D  Hy    (ka; 

We  shall  see  in  the  next  section  that  this  representation  is  more  useful  in  the 
illuminated  region  while  (8)  is  more  useful  in  the  shadow  region. 
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5.   Convergence  of  the  series . 

To  investigate  the  convergence  of  the  various  series,  we  follow  the 


[7] 


,(1), 


procedure  of  W.  Franz  LU.  The  Hankel  function  H   (x)  of  large  complex 
order  v  and  fixed  real  argument  x  has  the  asymptotic  form  [7] 


(1)      EK    J(x)  ~   -2  /—  sinh 
v  '        v   v  '       v  JtV 


.    2v       ,  jt 

v  log  —  -  V  +  i  -£ 


Consequently  the  values  of  v  at  which  H   (x)  vanishes  are  asymptotically 
determined  by 


10 


(2)      v(log  f*  -   1)  -  (n-  \)   in   - 

In  (2)  n  denotes  a  large  integer.  To  solve  (2)  we  set  v  =  Pe  .  Then  since 
the  real  part  of  the  left  side  of  (2)  must  he  zero  we  find  that  for  large  P, 
0  and  p  must  "be  related  by 


(3)    ci  ~  -(1 — 7-) 

KD>  *        2V    log  2p/yL> 


From  the  imaginary  parts  in  (2)  we  then  find,  denoting  p  by  P  , 


w 


(n-  £)* 

3  ~ 

n     2(n-  J)* 

log — 


Thus  for  large  positive  n  the  zeros  v  of  H   (x)  are 

n     v   x  ' 


(5) 


n 


log- 


(n-  5)* 

2(n-  |)« 


exp 


2(n-  ±U 


x  log 


2(n-  £)* 


x 


20  - 


From  (l)  we  have 


(6) 


H(i)'(x)  „,  2  ylv  cosh 

V     v  '    X   v  It 


2v       in 
v  log  —  -  v  +  — 


(l)  '  1 

Then  (2)-(5)  hold  for  the  zeroes  of  H    (x)  if  n  is  replaced  by  n  +  — . 


By  using  (l)  and  (5)  with  x  =  ka  we  find 


(7)      iH^Ocr^l-^exp 


^   logfa/^) 
Pn  2  log(2p  /ka) 


To  evaluate  H   (ka)  we  use  the  relation  H   (x)  =  H   (x)  valid  for  x  real. 

Vn  /2)       V        v 

Then  we  see  that  (l)  holds  for  EK    ;(x)  with  ±n/k   replaced  by  -iic/k.     Therefore 

we  have 


(8) 


!(2)(kaH  2/JT  (_!)* 

v  v   '     v  itv   v  ' 
n  n 


From  (l)  we  also  obtain 


2v 


(9) 


t-H^CkaJ^-s/Tlog^)^-!)11 


Sv  v 


jtv     ^ x  ka 
n 


Upon  combining  (7) -(9)  we  obtain  for  the  asymptotic  form  of  the  absolute  value 
of  the  n-th  term  in  (8a)  of  section  k   the  expression 


(10) 


exp 


n 


2pnlos  55 
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This  expression  diminishes  sufficiently  rapidly  as  n  increases  to  guarantee 
that  the  series  (8a)  of  section  k   converges  absolutely  for  0 >  6 ,    i.e.  for 
0^0.  The  same  result  applies  to  the  series  (8b)  of  section  k. 

We  shall  now  examine  the  leading  terms  in  these  series  in  order  to  show 
how  rapidly  they  diminish.  For  any  fixed  value  of  n  and  ka  large, v  is 
asymptotically  given  by  (5)  of  section  3-  Therefore  for  fixed  n  the  order  and 
argument  of  the  Hankel  functions  in  the  series  (8)  of  section  k-   are  both  large. 
Thus  for  large  ka  we  may  evaluate  those  Hankel  functions  with  argument  kr  or 
kr  by  using  the  Debye  asymptotic  form  which  is 


,..s  _(1),  v    /2  /  2  2rlA     r.f    2  2vl/2  .     -1,     i   v  ,  /,-] 

(11)  W-    '(x)~  \j  —   (x  -v  )   '   exp|_i(x  -v  )  '  -iv  cos   (v/x)-ijt/4j  • 

For  the  Hankel  functions  of  argument  ka  we  must  use  instead  the  Airy  function 
representation 

(12)  „WW  ~  fe-^/'tl^ABlj^e-^tv-x)]  • 

By  using  these  expansions  in  (8)  of  section  k   we  obtain  the  series  (15)  of 
section  3-   If  we  further  retain  only  the  leading  terms  in  the  trigonometric 
factors  in  (15a)  the  summand  becomes 

(13)     " -p  exp/iv  [a-0  -  cos"1(a/r)  -  cos_1(a/r  )]}  ■ 

The  absolute  value  of   (13)   is  asymptotically 

(1M  — ~ 2   expf-q    (ka/6)l/3sin  \ [ft  -e<-   cos"1^)    -   cos"1^   )])     . 
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2/3 
The  a  are  positive  and  increase  with  n  like  n   .  Therefore  the  absolute 

value  (1*0  decreases  with  increasing  n  provided  that 


(15)     ©>  "  0<  "  cos_1^  "  cos~1(^  >   ° 

o 


For  a  point  in  the  shadow  region  B  shown  in  Fig.  1,  0=0,  0=0  and 


(16)     0  >  9  +  cos_1(-)  +  cos_1(— )  • 

o 

Therefore  (15)  is  satisfied  for  points  in  B.   Similarly  for  points  in  the 
shadow  region  A  of  Fig.  1,  0>  =  0,  0<  =  0  and 


(17)     0  >  0  +  cos_1(^)  +  cos_1(^)  • 

o 

Thus  (15)  is  also  satisfied  for  points  in  A.  We  conclude  that  (15)  is  satisfied 

for  points  in  the  shadow  region  but  not  for  points  in  the  illuminated  region. 

The  same  results  apply  to  the  series  (15b).   Consequently  for  points  in  the 

shadow  the  terms  in  the  radial  eigenf unction  series  (13)  of  section  3  or  (8) 

of  section  h   decrease  rapidly  like  exp  [-n  '  (ka)  '^c)  where  c  is  a  positive 

constant.  Thus  the  radial  eigenf unction  series  converges  rapidly  only  in  the 

shadow  although  it  also  converges  in  the  illuminated  region.  The  series  (7)  of 

section  2,  which  results  from  the  geometrical  theory  of  diffraction  for  points 

in  the  shadow,  also  converges  rapidly.   In  the  shadow  it  coincides  with  the 

asymptotic  expansion  (15)  of  the  radial  eigenfunction  series.   Outside  the 

shadow  the  series  (15)  diverges.  The  representation  (10)  of  section  k   is 

useful  in  the  illuminated  region  since  the  series  in  it  converge  rapidly  there 

as  can  be  shown  by  an  analysis  like  that  we  have  just  given.   In  fact  the  asymptotic 

of  section  h 
expansion  of  the  series  in  (lO)^yields  exactly  the  same  result  as  that  given  by  the 
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geometrical  theory  of  diffraction  for  points  in  the  illuminated  region. 
The  asymptotic  evaluation  of  the  integrals  in  (10)  yields  the  incident 
and  reflected  fields.   However  we  shall  not  carry  out  these  calculations, 
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U.  S.  Army  Signal  Engineering  Labs. 

Fort  Monmouth,    New  Jersey 

Attn:     SIGFM/EL-AT 


Commander 

Wright  Air  Development  Center 
Wright-Patterson  Air  Force  Base,   Ohio 
Attn:     N.  Draganjac,   WCLNQ-U 

Commander 

Wright  Air  Development  Center 
Wright-Patterson  Air  Force  Base,   Ohio 
Attni     Mr.   Paul  Springer.   WCLRE-5 

Commander 

Air  Technical  Intelligence  Center 
Wright-Patterson  Air  Force  Base,  Ohio 
Attn:     AFCIN-liBla 

Commander 

Rome  Air  Development  Center 
Griffiss  Air  Force  Base,  New  Tork 
Attn:     RCSSTL-1 

Commander 

Rome  Air  Development  Center 
Griffiss  Air  Force  Base,  New  Tork 
Attn:  Mr.  Donald  Dakan,  RCUE 

Commander 

Rome  Air  Development  Center  (ARDC) 
Griffiss  Air  Force  Base,  New  York 
Attn:  Dr.  John  S.  Burgess,  RCE 

Commander 

Air  Force  Missile  Development  Center 
Holloman  Air  Force  Base,   New  Mexico 
Attn:     HDOTX,   Technical  Library 


Department  of  the  Array 

Office  of  the  Chief  Signal  Officer 

Washington  25,   D.  C. 

Attn:     SIGRD-7 

Office  of  Chief  Signal  Officer 
Engineering  and  Technical  Division 
Washington  25,   D.  C. 
Attn:      SIGNET-S 

Guided  Missile  Fuze  Library 
Diamond  Ordnance  Fuze  Laboratories 
Washington  25,    D.   C. 
Attn:     R.   D.   Hatcher,   Chief  Microwave 
Development  Section 

(lO)Armed  Services  Technical  Information 
Agency 
Arlington  Hall  Station 
Arlington  12,    Virginia 

(2)Library 

Boulder  Laboratories 
National  Bureau  of  Standards 
Boulder,  Colorado 

National  Bureau  of  Standards 
Department  of  Commerce 
Washington  25,  D.  C. 
Attn:  Mr.  A.  G.  McNish        ^ 

National  Bureau  of  Standards 

Department  of  Commerce 

Washington  25,  D.  C. 

Attn:  Gustave  Shapiro,  Chief 

Engineering  Electronics  Section 
Electricity  and  Electronics  Div. 

(2)  Office  of  Technical  Services 
Department  of  Commerce 
Washington  25,  D.  C. 
Attn:  Technical  Reports  Section 
(Unclassified  only) 

Director 

National  Security  Agency 
Washington  25,  D.  C. 
Attn:   R/D  (331) 


Director 

D.  S.  Army  Ordnance 

Ballistic  Research  Laboratories 

Aberdeen  Proving  Ground,  Maryland 

Attn:  Ballistic  Measurements  Laboratory 

Ballistic  Research  Laboratories 
Aberdeen  Proving  Ground,  Maryland 
Attn:  Technical  Information  Branch 


(2)  Ho.  Air  Force  Cambridge  Research  Center 
Laurence  G.  Hanscom  Field 
Bedford,  Mass. 
Attn:  CROTLR-2     -  P.  Condon 

"(5)Hq.  Air  Force  Cambridge  Research  Center 
Laurence  G.  Hanscom  Field 
Bedford,  Mass. 
Attn:  CROTLS  -  J.  Armstrong 


Director,  Avionics  Division  (AV) 
Bureau  of  Aeronautics 
Department  of  the  Navy 
Washington  25,  D.  C. 

Chief,  Bureau  of  Ships 
Department  of  the  Navy 
Washington  25,  D.  C. 
Attn:  Mr.  E.  Johnston,  Code  833E 

Commander 

0.  S.  Naval  Air  Missile  Test  Center 

Point  Mugu,  California 

Attn:  Code  366 

U.   S.  Naval  Ordnance  Laboratory 
White  Oak 

Silver  Spring  19,   Maryland 
Attn:     The  Library 

Commander 

U.  S.  Naval  Ordnance  Test  Station 

China  Lake,  California 

Attn:  Code  753 

Librarian 

U.  S.  Naval  Postgraduate  School 

Monterey,  California 

Air  Force  Development  Field  Representative 
Naval  Research  Laboratory 
Washington  25,  D.  C. 
Attn:  Code  1072 

Director 

U.  S.  Naval  Research  Laboratory 

Washington  25,  D.  C. 

Attn:  Code  2027 

Dr.  J.  I.  Bohnert,  Code  5210 

U.  S.  Naval  Research  Laboratory 

Washington  25,  D.  C.  (Unclassified  only) 

Classified  to  he  sent  to: 

Director 

U.  S.  Naval  Research  Laboratory 

Attn:  Code  5200 

Washington  25,  D.  C. 

Commanding  Officer  and  Director 

D.  S.  Navy  Underwater  Sound  Laboratory 

Fort  Trumbull,  New  London,  Connecticut 

Chief  of  Naval  Research 
Department  of  the  Navy 
Washington  25,  D.  C. 
Attn:   Code  U27 

Commanding  Officer  and  Director 

U.  S.  Navy  Electronics  Laboratory  (Library) 

San  Diego  52,  California 

Chief,  Bureau  of  Ordnance 
Department  of  the  Navy 
Washington  25,  D.  C. 
Attn:  Code  Ad3 

Chief,  Bureau  of  Ordnance 
Department  of  the  Navy 
Surface  Guided  Missile  Branch 
Washington  25,  D.  C. 
Attn:  Code  ReSl-e 

Chief,  Bureau  of  Ordnance 
Department  of  the  Navy 
Washington  25,  D.  C. 
Attn:  Fire  Control  Branch  (ReSli) 

Department  of  the  Navy 

Bureau  of  Aeronautics 

Technical  Data  Division,  Code  U106 

Washington  25,  D.  C. 

Chief,  Bureau  of  Ships 
Department  of  the  Navy 
Washington  25,  D.  C. 
Attn:  Code  817B 
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Commanding  Officer 

U.  S.   Naval  Air  Development  Center 

Johnsville,    Pennsylvania 

Attn:     NADC  Library 

Commander 

U.  S.  Naval  Air  Test  Center 
Patuxent  River,  Maryland 
Attni  ET-315,  Antenna  Branch 

Director 

Naval  Ordnance  Laboratory 

Corona,  California 

Commanding  Officer 

U.  S.  Naval  Ordnance  Laboratory 

Corona,  California 

Attn:  Mr.  W.  Horenatein,  Division  72 

Airborne  Instruments  Laboratory,  Inc. 

160  Old  Country  Road 

Mineola,  New  York 

Attn:  Dr.  E.  G.  Pubinl,  Director 

Research  and  Engineering  Division 

A i rcomt  Inc. 
3#i  Main  Street 
Winthrop,  Mass. 

American  Machine  and  Foundry  Company 

Electronics  Division 

1085  Commonwealth  Avenue 

Boston  15,  Mass. 

Attn:  Mrs.  Rita  Moravcsik,  Librarian 

Andrew  ALford,  Consulting  Engineers 
299  Atlantic  Avenua 
Boston  10,  Mass. 

Avion  Division 
ACP  Industries,  Inc. 
800  No.  Pitt  Street 
Alexandria,  Virginia 
Attnt  Library 

Battelle  Memorial  Institute 

505  King  Avenue 

Attn:  Wayne  E.  Rife,  Project  Leader 

Electrical  Engineering  Division 

Columbua  1,  Ohio 

Bell  Aircraft  Corporation 

Post  Office  Box  One 

Buffalo  5,  New  York 

Attn:  Eunice  P.  Hazelton,  Librarian 

Bell  Telephone  Laboratories,  Inc. 

Whippany  Laboratory 

Whippany,  New  Jersey 

Attn:  Technical  Information  Library 

Pacific  Division 

Bendix  Aviation  Corporation 

11600  Sherman  Way 

North  Hollywood,  California 

Engineering  Library 

Attn:  Peggie  Robinson,  Librarian 

Bendix  Radio  Division 

Bendix  Aviation  Corp. 

E.  Joppa  Road 

Towson  h,   Maryland 

Attn:  Dr.  D.  M.  Allison,  Jr. 

Director  Engineering  and  Research 

Boeing  Airplane  Company 

Pilotless  Aircraft  Division 

P.O.  Box  3707 

Seattle  2U,  Washington 

Attn:  R.R.  Barber,  Library  Supervisor 

Boeing  Airplane  Company 

Wichita  Division  Engineering  Library 

Wichita  1,  Kansas 

Attn:  Kenneth  C.  Knight,  Librarian 

Boeing  Airplane  Company 

Seattle  Division 

Seattle  1U,  Washington 

Attn:  E.T,  Allen,  Library  Supervisor 

BJorksten  Research  Labs,  Inc. 

P.  0.  Box  265 

Madison,  Wisconsin 

Attn:  Mrs.  Fern  B.  Korsgard 


Convair,  A  Division  of  General  Dynamics 

Corp. 
Fort  Worth,  Texas 

Attn:   K.G.  Brown,  Division  Research 
Librarian 

Convair,  A  Division  of  General  Dynamics 

Corp. 
San  Diego  12,  California 
Attn:  Mrs.  Dora  B.  Burke, 

Engineering  Librarian 

Cornell  Aeronautical  Laboratory,  Inc. 
Wj55  Genesee  Street 
Buffalo  21,  New  York 
Attn:  Librarian 

Dalmo  Victor  Company 
A  Division  of  Textron,  Inc. 
151?  Industrial  Way 
Belmont,  California 
Attn:  Mary  Ellen  Addems, 
Technical  Librarian 

Dome  and  Margolin,  Inc. 
29  New  York  Avenue 
Westbury,  Long  Island,  N.  Y. 

Douglas  Aircraft  Company,  Inc. 

P.O.  Box  200 

Long  Beach  1,  California 

Attn:  Engineering  Library  (C-2?0) 

Douglas  Aircraft  Co.,  Inc. 
P27  Lapham  Street 
El  Segundo,  California 
Attn:  Engineering  Library 

Douglas  Aircraft  Company,  Inc. 
3000  Ocean  Park  Boulevard 
Santa  Monica,  California 
Attni  P.T.  Cline 

Eq.  Sec.  Reference  Files, 

Eq.  Eng.  A250 

Douglas  Aircraft  Company,  Inc. 
2-">O0  North  Memorial  Drive 
Tulsa,  Oklahoma 
Attn:  Engineering  Library,  D-250 

Electronics  Communication,  Inc. 
1830  York  Road 
Timonlum,  Maryland 

Emerson  and  Cuming,  Inc. 
869  Washington  Street 
Canton,  Mass. 
Attn:  Mr.  W.  Cuming 

Emerson  Electric  Mfg.  Co. 

8100  West  Florissant  Avenue 

St.  Louis  21,  Missouri 

Attn:  Mr.  E.R.  Breslin,  Librarian 

Sylvania  Elec.  Prod.  Inc. 
Electronic  Defense  Laboratory 
P.O.  Box  20$  -  (Unci) 
Mountain  View,  California 
Attn:  Library 

Fairchild  Aircraft  Division 
Fair child  Eng.  and  Airplane  Corp. 
Hagerstown,  Maryland 
Attn:  Library 

Farnsworth  Electronics  Company 
3700  East  Pontlac  Street 
Fort  Wayne  1,  Indiana 
Attn:  Technical  Library 

Federal  Telecommunication  Labs. 
500  Washington  Avenue 
Nutley  10,  New  Jersey 
Attn:  Technical  Library 

The  Gabriel  Electronic* 
Division  of  the  Gabriel  Company 
135  Crescent  Road 
Needham  Heights  °U,  Mass. 
Attnt  Mr.  Steven  Galagan 


General  Electric  Advanced  Electronics  Center 
Cornell  University 
Ithaca,  New  York 
Attn:  J.  B.  Travis 

General  Electric  Company 

Electronics  Park 

Syracuse,  New  York 

Attn:  Documents  Library,  B.  Fletcher 

Building  3-lh3A 

General  Precision  Laboratory,  Inc. 

63  Bedford  Road 

Pleasantville,  New  York 

Attn:  Mrs.  Mary  G.  Herbst,  Librarian 

Goodyear  Aircraft  Corp. 

1210  Massillon  Road 

Akron  15,  Ohio 

Attn:  Library  D/120  Plant  A 

Granger  Associates 

Electronic  Systems 

966  Commercial  Street 

Palo  Alto,  California 

Attni  John  V.  N.  Granger,  President 

Grumman  Aircraft  Engineering  Corporation 
Bethpage,  Long  Island,  N.  Y. 
Attn:  Mrs.  A.  M.  Gray,  Librarian 

Engineering  Library,  Plant  No.  5 

The  Hallicrafters  Company 

UiOl  West  5th  Avenue 

Chicago  2U,  Illinois 

Attn:  La Verne  LaGioia,  Librarian 

Hoffman  Laboratories,  Inc. 
3761  South  Hill  Street 
Los  Angeles  7,  California 
Attn:  Engineering  Library 

Hughes  Aircraft  Company 
Antenna  Department 
Microwave  Laboratory 
Building  12,  Room  2617 
Culver  City,  California 
Attn:  M.  D.  Adcock 

Hughes  Aircraft  Company 
Florence  and  Teale  Streets 
Culver  City,  California 

Attn:  Dr.  L.C.  Van  Atta,  Associate  Director 
Research  Labs. 

Hycon  Eastern,  Inc. 
75  Cambridge  Parkway 
Cambridge,  Mass. 
Attn:  Mrs.  Lois  Seulowitz 
Technical  Librarian 

International  Business  Machines  Corp. 

Military  Products  Division 

590  Madison  Avenue 

New  York  33,  New  York 

Attn:  Mr.  C.F.  McElwain,  General  Manager 

International  Business  Machines  Corp. 
Military  Products  Division 
Owego,  New  York 

Attn:  Mr.  D.  I.  Marr,  Librarian 
Department  U59 

International  Resistance  Company 
U01  N.  Broad  Street 
Philadelphia  8,  Pa. 
Attn:  Research  Library 

Jansky  and  Bailey,  Inc. 
1339  Wisconsin  Avenue,  N.  W. 
Washington  7,  D.  C. 
Attn:  Mr.  Delmer  C.  Ports 

Dr.  Henry  Jasik,  Consulting  Engineer 
298  Shames  Drive 
Brush  Hollow  Industrial  Park 
Westbury,  New  York 

Electromagnetic  Research  Corporation 
711  ltith  Street,  N.  W. 
Washington  5,  D.  C. 
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Lockheed  Aircraft  Corporation 

2555  M.  Hollywood  Way 

California  Division  Engineering  Library 

Department  72-75,  Plant  A-l,  Bldg.  63-1 

Bnrbank,  California 

Attn:  N.  C.  Harnois 

The  Martin  Company 

P.  0.  Box  179 

Denver  1,  Colorado 

Attn!  Mr.  Jack  McCormick 

The  Qlenn  L.  Martin  Company 
Baltimore  3,  Maryland 
Attn:  Engineering  Library 
Antenna  Design  Group 

Maryland  Electronic  Manufacturing  Corp. 
5009  Calvert  Road 
College  Park,  Maryland 
Attn:  Mr.  H.  Warren  Cooper 

Mathematical  Reviews 
190  Hope  Street 
Providence  6,  Rhode  Island 


Pickard  and  Burns,  Inc. 

2U0  Highland  Avenue 

Needham  9U,  Ma3a. 

Attn:  Dr.  J.  T.  DeBettencourt 

Polytechnic  Research  and  Development 

Company,  Inc. 

202  Tillary  Street 

Brooklyn  1,  New  York 

Attn:  Technical  Library 

Radiation  Engineering  Laboratory- 
Main  Street 
Maynard,  Mass. 
Attn:  Dr.  John  Ruze 

Radiation,  Inc. 

P.  0.  Drawer  37 

Melbourne,  Florida 

Attn:  Technical  Library,  Mr.  M.L.  Cox 

Radio  Corp.  of  America 

RCA  Laboratories 

Rocky  Point,  New  York 

Attn:   P.  S.  Carter,  Lab.  Library 


Ryan  Aeronautical  Company 
Lindbergh  Field 
San  Diego  12,  California 
Attn:  Library  -  unclassified 

Sage  Laboratories 
159  Linden  Street 
Wellesley  81,  Mass. 

Sanders  Associates 
95  Canal  Street 
Nashua,  New  Hampshire 
Attn:  N.  R.  Wild,  Library 

Sandia  Corporation,  Sandia  Base 

P.O.  Box  5^00,  Albuquerque,  New  Mexico 

Attn:  Classified  Document  Division 

Sperry  Gyroscope  Company 

Great  Neck,  Long  Island,  New  York 

Attn:  Florence  W.  Tumbull,  Engr.  Librarian 

Stanford  Research  Institute 

Menlo  Park,  California 

Attn:  Library,  Engineering  Division 


The  W.  L.  Maxson  Corporation 

U60  West  3bth  Street 

New  York,  N.  Y. 

Attn:     Miss  Dorothy  Clark 

McDonnell  Aircraft  Corporation 

Lambert  Saint-Louis  Municipal  Airport 

Box  516,    St.  Louis  3,   Missouri 

Attn:     R.  D.  Detrlch,   Engineering  Library 

McMillan  Laboratory,    Inc. 

Erownville  Avenue 

Ipswich,   Massachusetts 

Attn:     Security  Officer,    Document  Room 


Melpar,  Inc. 

3000  Arlington  Boulevard 

Falls  Church,  Virginia 

Attn:  Engineering  Technical  Library 

Microwave  Development  Laboratory 
90  Broad  Street 
Babson  Park  57,  Massachusetts 
Attn:  N.  Tucker,  General  Manager 
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RCA  Laboratories 
David  Sarnoff  Research  Center 
Princeton,  New  Jersey 
Attn:  Miss  Fern  Cloak,  Librarian 
Research  Library 

Radio  Corporation  of  America 
Defense  Electronic  Products 
Building  10,  Floor  7 
Camden  2,  New  Jersey 
Attn:  Mr.  Harold  J.  Schrader 

Staff  Engineer,  Organization 

of  Chief  Technical 

Administrator 

The  Ramo-Wooldridge  Corporation 
P.O.  Box  l:5b53  Airport  Station 
Los  Angeles  b5,  California 
Attn:  Margaret  C.  Whitnah, 
Chief  Librarian 

Hoover  Microwave  Co. 
9592  Baltimore  Avenue 
College  Park,  Maryland 


Sylvania  Electric  Products,  Inc. 
100  First  Avenue 
Waltham  5u,  Mass. 

Attn:  Charles  A.  Thornhill,  Report  Librarian 
Waltham  Laboratories  Library 

Systems  Laboratories  Corporation 
liiR52  Ventura  Boulevard 
Sherman  Oaks,  California 
Attn:  Donald  L.  Margerum 

TRG,  Inc. 

17  Union  Square  West 

New  York  3,  N.  Y. 

Attn:  M.  L.  Henderson,  Librarian 

A.  S.  Thomas,  Inc. 

161  Devonshire  Street 

Boston  10,  Mass. 

Attn:      A.    S.   Thomas,    President 

Bell  Telephone  Laboratories 
Murray  Hill 
New  Jersey 


Microwave  Radiation  Company  Inc. 

19223  South  Hamilton  Street 

Gardena,    California 

Attn:     Mr.   Morris  J.  Ehrlich,    President 

Chance  Vought  Aircraft,    Ino. 
931h  West  Jefferson  Street 
Dallas,   Texas 
Attn:     Mr.  H.   S.  White,   Librarian 


Director,   USAF  Project  RAND 

Via:     Air  Force  Liaison  Office 

The  Rand  Corporation 

1700  Main  Street 

Santa  Monica,   California 

Rantec  Corporation 

Calabasas,    California 

Attn:     Grace  Keener,   Office  Manager 


Northrop  Aircraft,    Inc.  Raytheon  Manufacturing  Company 

Hawthorne,   California  Missile  Systems  Division 

Attn:     Mr.  E.   A.   Freitas,  Library  Dept  Jlli5     Bedford,    Mass. 

1001  E.  Broadway  Attn:     Mr.    Irving  Goldstein 


Remington  Rand  Univ.   -  Division  of  Sperry 

Rand  Corporation 
1900  West  Allegheny  Avenue 
Philadelphia  29,    Pennsylvania 
Attn:     Mr.   John  F.  McCarthy 

R  and  D  Sales  and  Contracts 

North  American  Aviation,    Inc. 
12211:  Lakewood  Boulevard 
Downey,   California 
Attn:     Engineering  Library  Ii95-H5 

North  American  Aviation,    Inc. 
Los  Angeles   International  Airport 
Los  Angeles  U5,   California 
Attn:     Engineering  Technical  File 

Page  Communications  Engineers,    Inc. 
710  Fourteenth  Street,   Northwest 
Washington  5,   D.   C. 
Attn:     Librarian 

Philco  Corporation  Research  Division 

Branch  Library 

U700  Wissachickon  Avenue 

Philadelphia  hk,   Pa. 

Attn:     Mrs.  Dorothy  S.  Collins 


Raytheon  Manufacturing  Company 
Wayland  Laboratory,    State  Road 
Wayland,    Mass. 
Attn:     Mr.   Robert  Borts 

Raytheon  Manufacturing  Comoany 
Wayland  Laboratory 
Wayland,   Mass. 

Attn:     Miss  Alice  G.  Anderson, 
Librarian 

Republic  Aviation  Corporation 
Farmingdale,   Long  Island,    N.  Y. 
Attn:     Engineering  Library 

Thru:     Air  Force  Plant  Representative 
Republic  Aviation  Corp. 
Farmingdale,   Long  Island,   N.Y. 

Rheem  Manufacturing  Corapany 
9236  East  Hall  Road 
Downey,    California 
Attn:     J.  C.   Joerger 

Trans-Tech,    Inc. 
P.  0.  Box  3U6 
Frederick,   Niaryland 


Chu  Associates 
P.  0.  Box  387 
Whitcomb  Avenue 
Littleton,   Ma3S. 

Microwave  Associates,    Inc. 
Burlington,   Mass. 

Raytheon  Manufacturing  Company 
Missile  Division 
Hartwell  Road 
Bedford,    Mass. 

Radio  Corporation  of  America 
Aviation  Systems  Laboratory 
225  Crescent  Street 
Waltham,    Mass. 

Lockheed  Aircraft  Corporation 
Missile  Systems  Division  Research  Library 
Box  50b,   Sunnyvale,   California 
Attn:     Miss  Eva  Lou  Robertson, 
Chief  Librarian 

The  Rand  Corporation 
1700  Main  Street 
Santa  Monica,   California 
Attn:     Dr.  W.  C.  Hoffman 

Commander 

AF  Office  of  Scientific  Research 

Air  Research  and  Development  Command 

liith  Street  and  Constitution  Avenue 

Washington,  D.  C. 

Attn:     Mr.  Otting,   SRY 

Westinghouse  Electric  Corp. 
Electronics  Division 
Friendship  Int'l  Airport  Box  7U6 
Baltimore  3,   Maryland 
Attn:     Engineering  Library 


Wheeler  Laboratories,  Inc. 
122  Cutter  Mill  Road 
Great  Meek,  New  York 
Attn:  Mr.  Harold  A.  Wheeler 

Zenith  Plastics  Co. 
Box  91 

Gardena,  California 
Attn:  Mr.  S.  S.  Oleeaky 

Library  Geophysical  Institute 
of  the  University  of  Alaska 
College 
Alaska 

University  of  California 

Berkeley  h,   California 

Attnt  Dr.  Samuel  Silver, 

Prof.  Engineering  Science 
Division  of  Elec.  Eng.  Electronics 
Research  Lab. 

University  of  California 
Electronics  Research  Lab. 
332  Cory  Hall 
Berkeley  U,  California 
Attn:  J.  R.  Whinnery 

California  Institute  of  Technology 
Jet  Propulsion  Laboratory 
liBOO  Oak  Grove  Drive 
Pasadena,  California 
Attn:  Mr.  I.  E.  Newlan 

California  Institute  of  Technology 
1201  E.  California  Street 
Pasadena,  California 
Attn:  Dr.  C.  Papas 

Carnegie  Institute  of  Technology, 
Schenley  Park 

Pittsburgh  13,  Pennsylvania 
Attn:  Prof.  A.  E.  Heins 

Cornell  University 

School  of  Electrical  Engineering 

Ithaca,  New  York 

Attn*  Prof.  G.  C.  Dalman 

University  of  Florida 

Department  of  Electrical  Engineering 

Gainesville,  Florida 

Attn:  Prof.  M.  H.  Latour,  Library 

Library 

Georgia  Institute  of  Technology 

Engineering  Experiment  Station 

Atlanta,   Georgia 

Attn:     Mrs.   J.H.   Crosland,    Librarian 

Harvard  University 

Technical  Reports  Collection 

Gordon  McKay  Library,   303A  Pierce  Hall 

Oxford  Street,    Cambridge  38,   Mass. 

Attn:     Mrs.  E.L.   Hufschmidt,   Librarian 

Harvard  College  Observatory 
60  Garden  Street 
Cambridge  39,   Mass. 
Attn:     Dr.  Fred  L.  Whipple 

University  of  Illinois 
Documents  Division  Library 
Urbana,    Illinois 

University  of  Illinois 
College  of  Engineering 
Urbana,    Illinois 

Attn:     Dr.   P.  E.  Moyes,   Department  of 
Electrical  Engineering 

Tne. Johns  Hopkins  University 
Home  wood  Campus 
Department  of   Physics 
Baltimore  18,  Maryland 
Attn:     Dr.  Donald  E.  Kerr 

Sandia  Corporation 
Attn:     Organization  1U23 
Sandia  Base 
Albuqueroue,    New  Mexico 


Applied  Physics  Laboratory 
The  JobrfHopkins  University 
8621  Georgia  Avenue 
Silver  Spring,   Maryland 
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